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Abstract
In this paper, we present an example of a code having the support
t-designs for all weights and has the support t′-designs for some weight
with some t′ > t. We can find this example in the triply even codes of
length 48, which have been classified by Betsumiya and Munemasa.
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1 Introduction
Let Fq be the finite field of q elements. A binary linear code C of length n
is a subspace of Fn2 . For x := (x1, . . . , xn) ∈ C, the weight of x is defined
as follows: wt(x) := ♯{i | xi 6= 0}. The minimum distance of a code C is
min{wt(x) | x ∈ C,x 6= 0}. A linear code of length n, dimension k, and
minimum distance d is called an [n, k, d] code (or [n, k] code for short).
A t-(v, k, λ) design (or t-design for short) is a pair D = (X,B), where X
is a set of points of cardinality v, and B a collection of k-element subsets of X
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called blocks, with the property that any t points are contained in precisely
λ blocks.
The support of a nonzero vector x := (x1, . . . , xn), xi ∈ Fq = {0, 1, . . . , q−
1} is the set of indices of its nonzero coordinates: supp(x) = {i | xi 6= 0}.
The support design of a code of length n for a given nonzero weight w is
the design with n points of coordinate indices, and blocks the supports of all
codewords of weight w.
Let Dw be the support design of C for a weight w and
δ(C) := max{t ∈ N | ∀w,Dw is a t-design},
s(C) := max{t ∈ N | ∃w s.t. Dw is a t-design}.
Note that δ(C) ≤ s(C). In our previous papers [12, 13], we consider the
following problems.
Problem 1.1. Find an upper bound of s(C).
Problem 1.2. Does the case occur for δ(C) < s(C) ?
For Problem 1.1, there is no known example of 6-design obtained from
a code. For Problem 1.2, if C is an extremal Type II code, there is no
known example of δ(C) < s(C). In this paper, we consider the case occur for
δ(C) < s(C) in general. If a code has some weight w such that δ(C) < s(C),
we call w a rising weight.
We can see an example of case for δ(C) < s(C) in Dillion and Schatz
[11]. A Hadamard difference set over an elementary abelian 2-group gives a
binary [22m, 2m+ 2] code with the weight enumerator
1 + 22mx2
2m−1−2m−1 + (22m+1 − 2)x22m−1 + 22mx22m−1+2m−1 + x2m.
It has support 2-designs with weight 22m−1± 2m−1, and support 3-design
with middle weight 22m−1. The reason for this code having a rising weight is
self-complementary for the support design of middle weight [1].
A triply even code is a binary linear code in which the weight of every
codeword is divisible by 8; they have previously been classified up to length
48 by Betsumiya and Munemasa [6, 5]. Herein we study the support de-
signs of triply even codes of length 48 and present the complete list of triply
even codes of length 48 which have the support 1-designs obtained from the
Assmus–Mattson theorem. It is interesting to note that some of such codes
have a rising weight of a different type from Dillion and Schatz.
We present the following theorem.
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Theorem 1.3. There are 46 triply even codes of length 48 have the support
1-designs obtained from the Assmus–Mattson theorem. Then the dual of some
41 codes in these codes have a rising weight.
This paper is organized as follows. In Section 2, we review the concept of
harmonic weight enumerators which are used in the proof of the main result.
In Section 3, we present the details of the main result, namely, we study the
support designs of the triply even codes of length 48. Finally, in Section 4,
we give some remarks.
2 The harmonic weight enumerators
In this section, we review the concept of the harmonic weight enumerators.
Let C be a code of length n. The weight distribution of a code C is
the sequence {Ai | i = 0, 1, . . . , n}, where Ai is the number of codewords of
weight i. The polynomial
WC(x, y) =
n∑
i=0
Aix
n−iyi
is called the weight enumerator of C. The weight enumerator of a code C
and its dual C⊥ are related. The following theorem, due to MacWilliams, is
called the MacWilliams identity:
Theorem 2.1 ([7]). Let WC(x, y) be the weight enumerator of an [n, k] code
C over Fq and let WC⊥(x, y) be the weight enumerator of the dual code C
⊥.
Then
WC⊥(x, y) = q
−kWC(x+ (q − 1)y, x− y).
A striking generalization of the MacWilliams identity was obtained by
Bachoc [3], who gave the concept of harmonic weight enumerators and a gen-
eralization of the MacWilliams identity. The harmonic weight enumerators
have many applications; particularly, the relations between coding theory
and design theory are reinterpreted and progressed by the harmonic weight
enumerators [3, 4]. For the reader’s convenience, we quote the definitions
and properties of discrete harmonic functions from [3, 10].
Let Ω = {1, 2, . . . , n} be a finite set (which will be the set of coordinates
of the code) and let X be the set of its subsets, while, for all k = 0, 1, . . . , n,
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Xk is the set of its k-subsets. We denote by RX , RXk the real vector spaces
spanned by the elements of X , Xk, respectively. An element of RXk is
denoted by
f =
∑
z∈Xk
f(z)z
and is identified with the real-valued function on Xk given by z 7→ f(z).
Such an element f ∈ RXk can be extended to an element f˜ ∈ RX by
setting, for all u ∈ X ,
f˜(u) =
∑
z∈Xk,z⊂u
f(z).
If an element g ∈ RX is equal to some f˜ , for f ∈ RXk, we say that g has
degree k. The differentiation γ is the operator defined by the linear form
γ(z) =
∑
y∈Xk−1,y⊂z
y
for all z ∈ Xk and for all k = 0, 1, . . . n, and Harmk is the kernel of γ:
Harmk = ker(γ|RXk).
Theorem 2.2 ([10]). A set B ⊂ Xk of blocks is a t-design if and only if∑
b∈B f˜(b) = 0 for all f ∈ Harmk, 1 ≤ k ≤ t.
In [3], the harmonic weight enumerator associated with a binary linear
code C was defined as follows:
Definition 2.3. Let C be a binary code of length n and let f ∈ Harmk. The
harmonic weight enumerator associated with C and f is
WC,f(x, y) =
∑
c∈C
f˜(c)xn−wt(c)ywt(c).
Bachoc proved the following MacWilliams-type identity:
Theorem 2.4 ([3]). Let WC,f(x, y) be the harmonic weight enumerator as-
sociated with the code C and the harmonic function f of degree k. Then
WC,f(x, y) = (xy)
kZC,f(x, y)
where ZC,f is a homogeneous polynomial of degree n− 2k, and satisfies
ZC⊥,f(x, y) = (−1)k
2n/2
|C| ZC,f
(
x+ y√
2
,
x− y√
2
)
.
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3 The support designs of triply even codes of
length 48
In this section, we study the support designs of triply even codes of length
48.
The following theorem is due to Assmus and Mattson [2]. It is one of the
most important theorems in coding theory and design theory. We state here
in the binary case.
Theorem 3.1 ([2]). Let C be an [n, k, d] linear code over F2 and C
⊥ be the
[n, n− k, d⊥] dual code. Suppose that for some integer t, 0 < t < d, there are
at most d− t non-zero weights w in C⊥ such that w ≤ n− t. Then:
(1) the support design for any weight u, d ≤ u ≤ n in C is a t-design;
(2) the support design for any weight w, d⊥ ≤ w ≤ n−t in C⊥ is a t-design.
If a t-design (t > 0) is obtained from some linear code by this theorem,
the code is said to be applicable to the Assmus–Mattson theorem.
In [5, 6], triply even codes of length 48 are classified where each code is
described by the form 〈Dimension, Code Id, [ Generators ]〉. In this paper,
we use the form 〈Dimension, [Code Id]〉.
Proposition 3.2. If a triply even code of length 48 is applicable to the
Assmus–Mattson theorem, then it is one of the following:
(A) 〈7, [144]〉, 〈8, [129, 130, 131, 132, 133]〉,
〈9, [59, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 1109, 1712, 1714, 1716, 1960]〉,
〈10, [16, 17, 18, 19, 20, 21, 22, 549, 550, 554, 1001, 1245, 1246, 1247]〉,
〈11, [6, 7, 154, 520]〉, 〈12, [3]〉, 〈13, [1]〉.
(B) 〈2, [1]〉, 〈3, [4]〉, 〈4, [7]〉, 〈5, [12]〉
Proof. Let C be a triply even code of length 48 in (A). Then C have weight
0, 16, 24, 32, 48 and C⊥ have the minimum weight 4. We apply to Theorem
3.1 by interchanging C and C⊥. Since there are 4 − t = 3 non-zero weights
w with w ≤ 48− t in C, we can take t = 1.
In the case (B), these codes have weight 0, 24, 48 and the dual codes have
the minimum weight 2. By Theorem 3.1, since there are 2− t = 1 non-zero
weights w with w ≤ 48− t, we can take t = 1.
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The following Lemma is easily seen:
Lemma 3.3 ([9, Page 3, Proposition 1.4]). (1) Let B1 be the block set of a
2-(48, k, λ2) design for 2 ≤ k ≤ 46. Then |B1| is divisible by 47.
(2) Let B2 be the block set of a 3-(48, 6, λ3) design. Then |B2| is divisible
by 47 · 23.
We now present the main result (the details of Theorem 1.3):
Theorem 3.4. Let C be a triply even code of length 48 in Proposition 3.2.
Let Dw and D
⊥
w be the support t-design of weight w of C and C
⊥.
(1) For all w, Dw and D
⊥
w are 1-designs.
(2) If C is a code in Proposition 3.2 (A) except for 〈13, [1]〉, D⊥6 (also D⊥42)
is a 2-design but is not a 3-design. For the other cases, Dw and D
⊥
w
are not 2-designs.
Proof. By Proposition 3.2, we have (1).
Let C be a triply even code of length 48 in Proposition 3.2 (A). If Dw is
the support design for all weight w of C, we have checked numerically that
the number of the blocks of Dw is not divisible by 47. Hence, Dw are not
2-designs by Lemma 3.3 (1).
Next, we show that if C is a code according to Proposition 3.2 (A) except
for 〈13, [1]〉, D⊥6 (also D⊥42) is a 2-design but is not a 3-design. Let WC,fi(x, y)
be the harmonic weight enumerator associated with the code C in Proposition
3.2 (A). Since D16, D24 and D32 are 1-designs, for a harmonic function f1 of
degree 1, we have
WC,f1(x, y) =
∑
c∈C
f˜1(c)x
48−wt(c)ywt(c)
= h(x32y16 + x24y24 + x16y32)
and h = 0 by Theorem 2.2.
Let f2 be a harmonic function of degree 2. Since D16, D24 and D32 are
not 2-designs and D32 is the complement of D16, we have
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WC,f2(x, y) =
∑
c∈C
f˜2(c)x
48−wt(c)ywt(c)
= ax32y16 + bx24y24 + ax16y32
= (xy)2(ax30y14 + bx22y22 + ax14y30)
= (xy)2ZC,f2(x, y),
where a and b are not equal to 0 by Theorem 2.2.
By Theorem 2.4, there exist coefficients a′, b′ such that
ZC⊥,f2(x, y)
= (−1)2 2
24
|C|ZC,f2
(
x+ y√
2
,
x− y√
2
)
= a′(x+ y)30(x− y)14 + b′(x+ y)22(x− y)22 + a′(x+ y)14(x− y)30.
Since C⊥ has minimum weight 4, the coefficient of x44 in ZC⊥,f2 is equal to
0. Then we have b′ = −2a′. Hence we have
WC⊥,f2(x, y)
= (xy)2
(
a′(x+ y)30(x− y)14 − 2a′(x+ y)22(x− y)22 + a′(x+ y)14(x− y)30) .
By a direct computation, the coefficient of x42y6 (also x6y42) in WC⊥,f2
is equal to 0. Hence D⊥6 (also D
⊥
42) is a 2-design. We have checked numeri-
cally that the number of blocks of D⊥6 (also D
⊥
42) is not divisible by 47 · 23.
Therefore, D⊥6 (also D
⊥
42) is not a 3-design by Lemma 3.3 (2).
In the case 〈13, [1]〉, this code has the weight enumerator
x48 + 759x32y16 + 6672x24y24 + 759x16y32 + y48.
By Theorem 2.1, we have A⊥6 = A
⊥
42 = 0, where A
⊥
i is the numbers of weight
i of the dual code. Hence there are no blocks of D⊥6 and D
⊥
42.
Next, we have checked numerically that the number of the blocks of D⊥w
except for D⊥6 and D
⊥
42 is not divisible by 47. Therefore, D
⊥
w except for D
⊥
6
and D⊥42 are not 2-designs by Lemma 3.3 (1).
Let Ĉ be a triply even code of length 48 in Proposition 3.2 (B). If D̂w
and D̂⊥w is the support design for all weight w of Ĉ and Ĉ
⊥, we have checked
numerically that the number of the blocks of D̂w and D̂⊥w is not divisible by
47. Therefore, D̂w and D̂⊥w are not 2-designs by Lemma 3.3 (1).
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The numbers of the blocks are listed in one of the author’s homepage [14].
This completes the proof of Theorem 3.4.
Remark 3.5. Three codes 〈1, [1]〉, 〈3, [5]〉 and 〈6, [363]〉 are not applicable
to the Assmus–Mattson theorem, but their support designs for all weight are
1-designs since these codes are generated by the minimum weight codewords
which partition 48 coordinates into equal parts. These codes have a transitive
automorphism group.
4 2-designs from triple even codes of length
48
We list 2-designs obtained from Theorem 3.4 in Table 1. In this section, we
give the concluding remarks related to 2-designs of triple even codes of length
48 discussed in Section 3.
Remark 4.1. It is interesting to note that the dual code of the first triply
even code 〈7, [144]〉 is called Miyamoto’s moonshine code [15]. This triply
even code has the weight enumerator
x48 + 3x32y16 + 120x24y24 + 3x16y32 + y48.
Using Theorem 2.1, we obtained the weight enumerator of the dual code.
Then we have A⊥6 = 189504. By Theorem 3.4, D
⊥
6 is a 2-(48, 6, 2520) design.
There are five triply even codes [129, 130, 131, 132, 133] in the case of
dimension 8. We have checked by Magma [8] that these codes give five
non isomorphic 2-(48, 6, 1240) designs. Similarly, each triply even code in
dimension 9–12 gives a different 2-design.
In the case of triply even code 〈13, [1]〉, there are no codewords of weight
6 in the dual code.
Remark 4.2. For the 2-design D⊥6 obtained from Theorem 3.4 in Table 1,
we calculated the automorphism groups of the 2-designs. The data of the
automorphism groups are listed in one of the author’s homepage [14].
Remark 4.3. We have checked by Magma [8] that for the 2-design D⊥6
obtained from Theorem 3.4 in Table 1, the codewords of weight 6 generate
the code C⊥.
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Table 1: support 2-designs of weight 6
Dimension [Code Id] 2-(v, k, λ)
Weight distribution (i, Ai) for Ai 6= 0 Numbers
7 [144] 2-(48, 6, 2520)
(0, 1), (16, 3), (24, 120), (32, 3), (48, 1) 1
8 [129,130,131,132,133] 2-(48, 6, 1240)
(0, 1), (16, 15), (24, 224), (32, 15), (48, 1) 5
9 [59,60,61,62,63,64,65,66,67,68,69,1109,1712,1714,1716,1960] 2-(48, 6, 600)
(0, 1), (16, 39), (24, 432), (32, 39), (48, 1) 16
10 [16,17,18,19,20,21,22,549,550,554,1001,1245,1246,1247] 2-(48, 6, 280)
(0, 1), (16, 87), (24, 848), (32, 87), (48, 1) 14
11 [6,7,154,520] 2-(48, 6, 120)
(0, 1), (16, 183), (24, 1680), (32, 183), (48, 1) 4
12 [3] 2-(48, 6, 40)
(0, 1), (16, 375), (24, 3344), (32, 375), (48, 1) 1
13 [1] -
(0, 1), (16, 759), (24, 6672), (32, 759), (48, 1) 0
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